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Abstract 

Dirac quantization of electrodynamics on a two-dimensional cylindrical space-time, is 
considered in an explicit loop and functional representation. Expressions for a sufficient 
number of physical states are found, so that an inner product can be derived on the space 
of physical states. The relevant states are found to be a superposition of two disjoint 
sectors. The ground state is investigated and the investigations are met with partial 
success. 



^Email address: tfejh@fy.chalmers.se 



1 Introduction and motivation 



One of the main approaches towards a consistent quantization of gravity is Dirac quanti- 
zation of general relativity formulated in Ashtekar's variables Jl]]. However, it appears to 
us that Dirac quantization of genuine, interacting field theories is a poorly investigated 
subject. This paper tries to fill that gap by considering a non-trivial model, electrody- 
namics on a 1 + 1-dimensional space-time, which can be thought of as a model for gravity 
coupled to fermions at the kinematical level. It can of course also be thought of as a 
model for electrodynamics or Yang-Mills coupled to fermions in 3 + 1-dimensions. The 
reason for choosing this particular model is that in the case of massless fermions, it was 
shown by Schwinger to be exactly solvable and hence the massless case is generally known 
as the Schwinger model. This model has been investigated in numerous papers over the 
years. Schwinger, however, considered space to be a real line. The Schwinger model on a 
circle has been considered in and . One of the crucial ingredients in the quantization 
of general relativity is the imposition of the so called "reality conditions" , which ensures 
that the classical limit of the quantum theory has the correct reality properties. In the 
Ashtekar quantization program, the reality conditions are hoped to pick out the correct 
inner product. We find in this paper, that for the model investigated, the reality condi- 
tions suffice to pick out a "unique" inner product on the space of physical states. Another 
point of this paper is to avoid the use of any technique specific to two dimensions, like 
that of bosonization. 



2 Hamiltonian formulation 

Our starting point is the pseudo-classical Lagrangian density^] 

C = -^F^.F'^'' + - eA^)tlj - rn^ij (1) 

(throughout we set c = 1 but keep h for the sake of amusement), where 

F^u = d^A, - d,A^ (2) 
^ = ^V (3) 

and e and m are the coupling and mass constants respectively while * denotes complex 
conjugation. is the EM-field and ip is the (Grassmann odd) fermion field which both 
are taken to be 27rr-periodic. Furthermore we define 7 = 7^7^. An explicit representation 
of the gamma matrices is given by 7° = ai, 7^ = —ia2 and 7 = CT3. The canonical 
procedure applied to the Lagrangian defined in (|l|) is described in detail in [^. We will 
perform it here since it is of interest to us. In what follows, a, j3, . . ., are taken as indices 

^We use signature (+, — ) i.e. 7700 = — ?7ii = 1, [7^,7"^]+ = 277^"^, with = t (time) and = x & 
[— 7rr, 7rr[ (spatial coordinate on a circle with radius r). 
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labeling the different components of the spinors and the 7-matrices. Introducing the 
momenta 

* _ dC 
The non-vanishing Bose-Fermi brackets are, 



(6) 



{A,{x)X{y)}= S;6{x-y) (7) 

{^|Ja{x),^Tp{y)} = -6a(36{x-y) (8) 

{ip*^{x),7r*^{y)} = -Sa/3S{x-y) (9) 

The Bose-Fermi brackets have the following properties: 

{A,B} = (10) 

{A,B + C} = {A,B} + {A,C} (11) 

{A,BC} = {-iy''^"''B{A,C} + {A,B}C (12) 

{AB,C} = (-l)"«"c{A,C}fi + A{5,C} (13) 

where n is even or odd depending upon whether the function in question is Grassmann 
even or odd respectively. We get the primary constraints: 

= 7r°RiO (14) 

0a = + ihijj*^ ^ (15) 

C = (16) 

The Hamiltonian density becomes: 

-AoX + ^0^00 + SoV-a^a + 5oCC (17) 

where we've introduced E — tt^, A — Ax and x = — ehip^ipa- Hence we get the total 
Hamiltonian Hf 

Ht^ j dxH + j dx{u(p + Va(j>a + Wa(p*a) (18) 

where 

n^l-E^- hip*j{idi - eA)^ + mip*f'^ - Ax, (19) 
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and we've introduced Lagrange multipliers u, Va and Wa, the latter two being Grassmann 
odd. Moving on to the constraint analysis we have: 



h{idi + eA)(^*7)„ + m(V^*7°)„ + ehAoipl + ihwa = 
Ti{j{idi — eA)%lj)a — mipf^ip)^ — ehAQipa + ihva = 



(20) 
(21) 
(22) 



which determines and Wa- Hence we have single secondary constraint % ~ 0. Using 
(|21| ) and (^2]) one finds x = 0. Now let us consider the constraint algebra. We obviously 
have = {(f), 0^} = {</>, = x}, and 



{(^a{x),(f)p{y)} 
{(pa{x),x{y)} 



-iMap5{x - y) 
-efiipl{x)6{x - y) 
ehipa{x)6{x — y) 



(23) 
(24) 
(25) 



Letting ip = x — i^{.4'ai^a + V'a0«) we find that its bracket with all the other constraints is 
weakly zero. Hence and are first class, while (pa and 0* are second class constraints. 
Thus 



^ap{x,y) 



{(t)a{x),(pp{y)] {(pa{x),(t)}{y)] 
{(t>l{x),(Pp{y)] {(Pl{x),(t>l{y)} 

-ihS{x — y) ' 



6, 



al3 



Ja/3 





Then 



since 



A 



a/3 



6{x - y) 



5ap 

5al3 



j dzAa^{x, z)Aj{z,y) = 5{x - y) 











(26) 



(27) 



(28) 



Therefore the Dirac bracket between two arbitrary phase space functions A and B becomes 
{A{x),B{y)}D = {Aix),B{y)} 



(f)p{w) 



(P*Jw) 



dzdw{A(x), 
{A{x),B{y)} 

l 

dzdw{A{x), (j)a{z)}-S{w - z)6af^{(j)*f^{w), B{y)} 



Biy)} 



dzdw{A{x), (j)*^{z)}-6{w - z)6af3{4>f3{w), B{y)} 
{Aix), Biy)} -'-j dz{A{x), 0,(z)}{C(^), B{y)} 
'-j dz{A{x),(l>l{z)}{(l>a{z),B{y)} 



(29) 



I.e. ^ 

{ilja{x),^p{y)}D = -^SaiB^ix -y) (30) 



The bracket in (|30|) is the only fermionic bracket we'll need after having imposed the 



constraints 4>a = (pa = 0. Imposing these two constraints we get 

7r„ = -ihipl (31) 
< = (32) 

Our first class constraint (p ^ becomes 

^ = diE- eh^aij^ = X ~ (33) 

which is just Gauss' law. Dropping the constraint 0^0 and instead considering X = Aq 
as a Lagrange multiplier leads to the reduced Hamiltonian H = J dxTiph — Hg where 

Hph = ^E^ -hilj*^{idi-eA)iP + m'^*'y'^ilj (34) 



Hg = J dxX{x)x{x) (35) 

The only non- vanishing brackets are (dropping the subscript D): 

{A{x),E{y)} = 6{x~y) (36) 
{V'a(x), V^(?/)} = —6af36{x-y) (37) 

Let us finally consider infinitesimal gauge transformations, which are generated by the 
first class constraint Hg. 

{A{x),Hg} = -d^X{x) (38) 
{ipaix),Hg} = ieX{x)i)aix) (39) 
{raix),Hg} = -teXixWaix) (40) 

Hence finite gauge transformations are of the form: 

= A{x)-dA{x) 

= e^^^(^V(a;) (41) 
= e-*"^(^V*(x) 

2.1 Loop and line observables 

Of particular interest when doing Dirac quantization are the physical, i.e. the gauge- 
invariant, functions on phase space called observables. Let 

T(7) = e''i''"^^"^ (42) 
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where 7 is a closed loop. The only loops on a circle are the ones that are labeled by the 
winding number n, i.e. they wind n times around the circle. Hence write 

T(n) = e^^i'^"^^"^ (43) 

Furthermore let 

L^p{x,y) = ra{x)e'''^^'''''^^^'%{y) (44) 

Using (41) it is easily shown that both T and Lq,^ are gauge-invariant]^. The bracket 
algebra between observables takes the form 

{T{n),E{x)} = ie j> dx' 5{x — x') T{n) = ienT{n) (45) 

{La/six, y),E{z)} = ilj^{x)ilJi3{y)ie [ dx' 6{x' - z) e"" '^'"'^^'''^ 

= ie9{x,y,z)Laf3ix,y) (46) 

where 

9ix, y, z) = r dx'5{x' -z) = ^ T dx' V e'^^^"'"") 
Jx znr Jx ^ 

= ^ ~ ^ I ^^ik(y-z) ^ik(x-z)^ ^^^^ 

2Txr 2nr ik 

and k can take the values k = 0, .... Also, 

{T{n),L^p{x,y)} = (48) 
{Lap{x,y),Lo,'f3'{x',y')} = —Si3a'S{y-x')Lai3'{x,y') 

- j^Sai3'S{x - y')Lo,'i3{x',y) (49) 

It turns out that it is useful to define U{x, y) = e^^^ '^^ '^'^^ ^ and hence 

Lap{x,y) = U{x,y)i)l{x)i)p{y) 

= u{x,y)^{ra{x)My)-My)ra{x)) (so) 

{U{x,y),E{z)} = zee{x,y,z)U{x,y) (51) 
{Uix,y),Uix',y')} = (52) 

We see that we can express the physical part of the Hamiltonian density, Tiph, in terms 
of observables: 

'Hphix) = J^^(x) - ih lim japdyLafsix, y) + m7°^L„^(x, x) (53) 



Here we allow both x and y to take any value on the real line. 
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and the first class constraint ( |33D as 

x{x) = d^E{x)- p{x)^Q (54) 

where p is the charge density p{x) = ehLaa{x,x). Also of interest is the momentum 
density, V{x), 

'P(x) = -ii)l{x){id^ - eA{x))il)a{x) 

i.e. 

V{x) = —ifiWmdyLaaix.y). (55) 

Note that the electromagnetic field carries no momentum of its own. This is a consequence 
of the fact that pure electromagnetism in 1 + 1-dimensions has no local degrees of freedom. 



3 Quantization 



The general quantization program is described in and We quantize the bracket 
algebra found in the previous section according to the rule 

[A, 13] = ih{A^B} (56) 

for bosonic functions and 

[A,]3]^=i?i{A^B} (57) 

for fermionic. Hence quantization consists in finding a representation of the following 
commutator algebra:^ 

[f{n),E{x)] = -ehnf{n) (58) 
[Lap{x,y),E{z)] = -eh9{x,y,z)La(iix,y) (59) 
[La/3{x,y),La'i3'{x\y')] = 6pa'S{y - x')La/3'{x,y') 

- Sai3'5{x - y')La'f3ix',y) (60) 

It turns out however, that it is difficult to find a "good"0 representation of the above 
observable algebra, so it seems that we have to represent non gauge-invariant operators 
as well (see however the end of this section). Instead of representing only the gauge- 
invariant operator Lap we represent ip, ip* ^''^^ U also. (The representation, of a similar 
algebra, found in doesn't seem to be completely satisfactory). Hence 

[i^a{x),i)l{y)\^ = Sa(3S{x-y) (61) 
[U{x,y),E{z)] = ~ehe{x,y,z)U{x,y) (62) 



^We denote commutators by [ , ] and anticommutators by [ , ]^. 

^In the sense of having a representation space consisting only of gauge-invariant states. 
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should also be satisfied by the represent at ionQ. Then we define 



Lap{x,y) = ^[ipl{x),'^p{y)]U{x,y) (63) 



Let us start out by representing the fermionic operators in (|6l|). We use the representation 
first used in 0. Hence let these operators act on wave functionals \& of a complex 
Grassmann field r]{x) by: 

1 5 

(Mx)<i/){7],r]*) = — (r^„(x) + ^-^)^(r/,r/*) (64) 

Proceeding to (|5^) we use the loop representation, introduced for gravity in p and for the 
pure Maxwell field in |p . We also have to consider ( |62D simultaneously. Let the operators 
T, E and U act on wave functionals of loops (an integer n in this case), and any number 
of coordinate pairs (x, y) representing the start and endpoints of a line. Then, 

(f{n)'^^{m,xi,yi,...,Xa,ya) = ^'(n + m, Xi, . . . , x^, ?/„) (66) 

a 

(e(x)^) (m,xi,?/i, . . . ,Xa,?/a) = -eh{n + ^e{xi,yi,x)) X 

1=1 

■^{m,xi,yi,...,Xa,ya) (67) 
(U{x,y)-^^{m,xuyu...,xa,ya) = '^{m,xi,yu . . . ,Xa,ya,x,y) (68) 

We also have 

[Uix,y),Uix',y')] = (69) 
and classically the U:s satisfy U{x, z)U{z,y) = U{x,y), U{x,x) = 1 and 

U{x, y + 27rrm) = U{x ~ 27Trm, y) = U{x, y)T{m). 

We want these identities to be satisfied also quantum-mechanically. Hence by imposing 
the following restrictions on the wave functionals, 

^(^n, Xi,yi, . . . Xi,yi, . . . , Xj,yj, . . . , x^, ya) ^(^n, Xi,yi, . . . Xj,yj, . . . , Xi,yi, . . . , Xq, y^) 
■^{n,xi,yi,...,Xa,ya,x,z,z,y) = *(n, xi, yi, . . . , x^, ?/a, a;, y) 

^(n,xi,?/i, . . . ,Xa,?/a,a;,x) = ^(n, xi, yi, . . . , x^, ?/«) 
'^{n,,Xi,yi,...,Xa,ya + 27irm) = ^'(n + m, Xi, yi, . . . , x^, ?/„), (70) 



|69| ) is satisfied and U{x, z)U{z,y) = U{x,y), U{x,x) = 1, 

U{x, y + 27rrm) = f/(x — 27rrm, y) = U (x, y)T{m). 



^We've only written the non-vanishing commutators and anticommutators, the vanishing ones should 
obviously also be satisfied. 
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Combining the two representations defined, i.e. writing \l/(n, xi,yi, . . . , Xa, Va, ^7, V*) ^-^d 
defining La/3 by (|63|) one can easily check that (^)-(|60|) are satisfied, e.g. (p8D (suppressing 
irrelevant coordinates)!]: 

([f (m) = (f (n)i(x)^) (m) - (i(x)r(n)^) (m) 

= (T(r2)^') (m) - (i(a;)^") (m) 

= \[^'(m + - {-ehm)'^" (m) 

= —eh{m + n)'^{m + n) + eh'm'^{'m + n) 

= —ehn^!{n + m) = —ehn {T{n)^!^ (m) (71) 

where ^''(m) = —ehm}^{m) and \E'"(m) = '^{m + n). The explicit action of on a state 
is (by (ID): 

(Lap{x, y)^) (n, Xi, . . . Xa, l/a, 7], 7]*) = 

2 5r7;(?/) (5r/«(x) (5r7„(x) (5r7;(y) 

^'(n, xi, . . . Xa, ?/a, a;, y, r^, r^*) (72) 

3.1 Pure Maxwell 

An instructive example on the use of loop representations is the quantization of pure 
Maxwell i.e. we have the Hamiltonian operator 

H=^JdxE\x) (73) 

and wave functionals of loops \&(n). We see that the Gauss' law constraint is trivially 
satisfied on loop states 

(a^^(x)^) (n) = d^{-ehn)'^{n) = (74) 

Letting the Hamiltonian act one finds 

1 /" 

[H"^) W = 2 y dx{-ehnf<if{n) = TTr{ehfn^'${n) (75) 

The eigenstates of H are obviously the characteristic states \E'm(^) = 5m,n with eigenvalues 
Em = iir{ehmY, m = 0, ±1, ±2, .... To find an inner product on this vector space we 
first consider the classical reality conditions: 

E*{x) = E{x) (76) 
T*in) = (e^'^^n'^'^^"))* = r(-n) (77) 



^There are also terms eh^6{xi,yi,x) which trivially cancel, hence we don't bother to write them. 



8 



which, when quantized, turn into the hermitian adjoint relations: 



E{x) 
f(-n) 



(78) 
(79) 



We use these relations, ( [7^ ) and (|7D|), to find an inner product. Try the following ansatz 

oo 

<<|.,^>= J2 Kn,n')^*(n)<i/{n') (80) 



n,n '= — oo 



where the measure /i is positive definite and satisfies n{n,n') = ^{n',n)*. Hence fi should 
be chosen such that 



< $, E(x)^ > = < E{x)^, ^ > 
<<l>,f(m)^> = <f(-m)$,^> 



are satisfied. (81) leads to 



and (|5^) implies 



fi{n, n' — m) = fi{n + m, n') 



(81) 
(82) 

(83) 
(84) 



Combining (|83D and ( 18^) we get 

fi{n) = fi{n + m) , Vm (85) 
and thus fi{n,n') = C6n,n' for some real constant C, choose C = 1 for definiteness, i.e. 



< M/ >= $*(n)\[^l 



n] 



which also is positive definite. We see that the reality conditions suffice to pick out a 
"unique" inner product on the state space. Note further that the characteristic states 
form an ON-basis for the Hilbert space defined using the inner product (|86|) . 



3.2 Gauge-invariant states 

Returning to the interacting theory we've come to the subject of gauge-invariant states. 
The gauge-invariant states are at the heart of Dirac quantization, all other states are 
considered irrelevant. The classical Gauss' law constraint (p^, when quantized should 
annihilate physical states i.e. 

{d,E{x) - p{x))^phys = (87) 

where p{x) = eh lim^^o Laa{x, x+e). The idea to construct physical states is the following: 
first find one state, then by acting upon this state by the various physical operators we 
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can create new physical states. This first state should be as simple as possible. Call this 
state "^base- Assume that it factorizes as: 

"^basein, Xi, yi,..., Xa, Va, V, V*) = ^6ase(«, Xi, Vl, . . . , Xa, V a)'^ baseil] ^ V*) (88) 

We solve (|87D for "^base by having it satisfy: 

d,E{x)^base = (89) 
p{x)-^base = (90) 

(|89| ) implies 

(da;E{x)'^base) {n, Xi, Vl, . . . , Xa, Va, V, V*) = 



-ehd^{n + ^ e{xi, Hi, x))'^base{n, xi, yi, . . . , Xa, Va, V, V*) = 

i=l 

a 

-e^^(5(x-Xi) - S{x -yi))'^base{n,Xi,yi, ... ,Xa,ya, 11,11*) =0 (91) 



1=1 



I.e. 



^(5(x-Xi) - 6{x - yi))'^base{n,Xi,yi, . . . ,Xa,ya) = 0. (92) 



i=l 



Hence "^fbaseiHyXiyyi) can only have support on Xi + 27rrm = yi for any integer m. 
Therefore let "if base satisfy: 

/ N i "^basein + m) a xi + 2Tcrm = yi 

^basein,x„y^) = ^^ otherwise ^^3) 

and "i/basein, xi,yi, . . . , Xa, ya) is non-zero only if it can be reduced to '^basein + xi, xi) 
by using (ffOl) . Any such state can be written as a superposition of states '^base where 
^base(^) — ^no,n- Proceeding to ( pH ) we make an ansatz for ^baseijlii]*)'- 

^base{il, V*) = exp( J dy r]l{y)Mp^r]^{y)) (94) 

where Mg^ is a constant matrix. Hence we get (being very careful with the anticommu- 
tativity of 77 ): 

lim (Lo,a{x, X + t)^!base) {u, Xi, . . . , Xa, ya, 1], V*) = 

1 

- lim(r/* (x)r/„(a; + e) + M^J{e) - T]l{x)M^pMp^iq^{x + e)) x 

"^basein, Xi, yi,..., Xa, ya, X,X + e, 7], 7]*) = 0. (95) 

To have a well-defined limit we demand M^a = i.e. trM = 0. Having done this we 
see that if = 1, then (pSf ) is satisfied. Thus "if base is gauge-invariant provided M is a 
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linear combination 07° + ilrf^ + ay such that + b'^ + — 1. Let us now consider some 
properties of ^"°se- ^ calculation gives: 

E{z) n U{xi, ViMLe = -eh{no + ^ x„ z)) fl U{x„yj)^Ze- (96) 

i=l i=l j=l 

We will show this relation in the simplest case. First note (suppressing coordinates ir- 
relevant for the calculation and for simplicity of notation restricting all coordinates to 
[— 7rr, 7rr[): 

f Sno,n ii{x = y and xi = yi) or {x = yi and y = xi) 
1 otherwise 



Hence 



= -e^(no + 9{yi, xi, z))^2sei^^ ^> l/> xi,yi) 



= 0. To completely specify the state ^^ase make the choices 

M = (for reasons that will become apparent in a while). We can always, by suitable 
redefinitions of the gamma matrices, transform into those cases (we can obviously trans- 
form from M — i^^ to M — —i^^ as well but we choose not to). Now, acting with the 
physical operator AapL^ij on ^^"^g we get a new gauge- invariant state (A is a matrix): 

(AapL^p{x, yWbas<) (n, xi,yi,..., Xa, ya, V, V*) = 
{v*a{x)AapMy) + ^tT{MA)S{x - y))*L°,e(n, xi, yi, . . . , y„, x, y, rj, rj*) (99) 

where A = 1(1 - M)A{1 + M). The tilde map has a number of important properties: 

(1 - M)A = 2A i(l + M) = 2A 

i(l-M)=0 (1 + M)i = 

A1A2 = tri = ^ ^ 

1 = M = 0, 

in general, and 

7^ = 7O = ±^7 

1(777)= 7 H77) = l (101) 

i(77°7) = Tn itr(707) = 

when M — We see that the vector space of tilded matrices is one-dimensional and 

we choose 7 as a basis for these matrices. Now define: 
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using M = i'j^ i.e. 

"^basei^^^ 1/1, ... , Xa, Va) exp( J dx7]*^{x)i-flf^r]fs{x)) (103) 
and similarly for ^(^g) using M = —27^. Inspired by the form of (|99D we further define: 

^basein, Xl,yi,... Xa, Va, x[, v'l, ■ ■ . , X^ y[) X 

exp{ dx7]l{x)i-flpr]p{x)) (104) 



using M = in the 7:s, and similarly define "^(^no xi yi xa ya) ^^i^S ^ — —ij^ every- 
where. By (|96D these states have the property: 

mK,^uy.,-,^.,y.) = -^^(^ + t <^iy^^ ^mn,x.,y.,...,x.,y.) 

1=1 
a 

m'^in,x.,y.,...,x.,y.) = -^Hn + (^iV^^ ^))'^in,x.,yu...,x.,y.y 



i=l 



Checking gauge-invariance according to (pTl), they're indeed found to be gauge- invariant. 
Thus we've found a lot of physical states. Are they complete in the sense that they suffice 
to define an inner product on the space of physical states? To find an inner product we 
have to know the reality conditions of all operators acting on this space. The relevant 
operators are E, T{m) and Lq/j. As in the previous section we have E'^{x) = E{x) and 
T^{m) = T{—m). Classically, La/3 satisfy: 

L*af3{x,y) = Lpa{y,x). (107) 

Since a basis for all 2 x 2 matrices is given by 1, 7°, 7^ and 7 we get a basis for all La/s'.s 
by contracting with these matrices. Noting that 1,7° and 7 are hermitian matrices while 
7^ is anti-hermitian we get the hermitian adjoint relations: 

LLi^, y) = Laaiy, x)^ 'y^pLlpix, y) = -i%Lap{y, x) 

llApix, y) = --flfjLapiy, x) 7„^lJ,^(x, y) = 7„^L^^(t/, x). 

It is not clear, at this stage, whether all these relations can be implemented simultaneously. 
That remains to be seen. Write r = Ea/©^^^ where denotes the space of states 
of the type "^f ^ „ ^. „ having a fixed M. As a shorthand, write = and 

V~ = V~'^^ . As we will show by construction, physical operators map V^'^ into itself i.e. 
it forms an invariant subspace in the space of physical states V. We will call the subspaces 
V^'^ the different sectors of the theory. A general state in can be written 



fn-> 
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where, (all integrals are taken from — vrr to vrr), 

OO 1 „ 

*t = /l°^*^ + E-y / rf'^^A/l'^nxi,yi,...,x.,yJvi.+ _,^„^^^^ (109) 

a=l 

and the functions /^"^ are required to have the symmetry property: 

fn H-^lj ■ ■ ■ ■> -^iy Viy ■ ■ ■ ■> -^j) Ujy ■ ■ ■ ■> -^aj Va) — fn H"^!; ■ ■ ■ i^j, l/j, . . . , Xj, . . . , Xa, Va)- 

(110) 

Similarly define \E'j^ in P .By straightforward but tedious calculations, using ( p.00| ) and 
( |101| ), we've found the action of the various L operators on these states. For we have, 
(restricting x and y to [— vrr, 7rr[), 

I'aa(a;,?/)^/„ = 

Y.— d'^xd^y ^{^{x - Xb)fi^\xi,yi, ...,y,yb,.. .,Xa,ya) - 

a=l •' 6=1 

yb)fi'"\xi, yi,...,Xb,X,..., Xa, ya)}'^^n,xuyi,...,xa,ya) (1^^) 

^%Lpix,y)^l = -z/«(y,x)vl/+)+ 

d''xd'\i {Y,{fi^^^\xi,yi, . . . ,:jtb,iib, ■ ■ ■ ,Xa,ya) x 

a=l 6=1 

5{x - Xb)6{y - yb)} - flC''^\xi,yi, . . .,Xa,ya,y,x) + 

a 

E fn^^^ (^1' 2/1' • • • ' ^b, X, y,yb,..., Xa, ya)}'i'^n,x,,y^,...,Xa,ya) (l^^) 
6=1 

'ylf,L^fs{x,y)^l = -z5(x - y)^+ + 

d^d'^j Y,{5{x~Xb)flC\x, ,yi,...,y,yb,.. .,Xa,ya) + 

a=l ^- •' 6=1 

- 2/6)/l''na;i, yi,...,Xb,X,..., Xa, ya)}^^n,x,,y^,...,xa,ya) (l^^) 
7a/3^a/3(a;,l/)^'t = /i'^ (?/, x) ^+ ) + 

; ^a, Ua) X 

a=l 6=1 

5(a; - Xb)^{y - yb)} + . . .,Xa,ya,y,x) - 

a 

fn^^^ (^1' 2/1' ■ • • ' ^fe' ^' y^yb,---, Xa, ya)}'^^n,xr,yu...,xa,ya) (l^^) 



6=1 



where / denotes the absence of the indicated argument. Furthermore, by (|105D we have 
E{x)^l = 

-^^Y— / d'^xd'^y Y^{yb.Xb,x)fl;'\xi,yi, . . . ,Xa,ya) x 

a=l 6=1 
{n,xi,yi,...,Xa,ya)' 

(115) 
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Also, 

f{m)^l = 

a=l 

The corresponding expressions for are found just by exchanging i — i in the appro- 
priate formula, hence: 

^ — / d"'xd')j ^{S{x-Xb)fi"'\xi,yi,...,y,yi„...,Xa,ya) - 

a=l •' 6=1 

^iy- yb)ft^ (xi, yi,...,Xh,x,..., Xa, ya)}'^ln,xuyi,-,xa,ya) 

oo „ a 

) Xai ya) X 

a=l 6=1 

S{x- Xb)S{y -yb)}- fn^^\xi, yi,..., Xa, ya, y, x) + 

a 

Yl fn^^^ (^1' ■ ■ ■ > ^b, X, y,yb,---, Xa, ya)}'^ln,x^,y^,...,xa,ya) C^^^) 
6=1 

C50 2 /• ^ 

iY.-, d\d^ Y{8{x-Xb)fl:\x, ,yi,...,y,yb,...,Xa,ya) + 

a=l 6=1 

S{y - yb)ft\xi, yi,...,Xb,x,..., Xa, ya)}'^ln,xuyi,-,xa,ya) (119) 

^af3L/3{x,y)-^]^ = fi'\y,x)-^i^^+ 

, Xa, ya) ^ 

a=l 6=1 

5{x - Xb)5(y - yb)} + yi, . . . , x„, y, x) - 

a 

YI fn'^^\^l^ yi,---, Xb, X, y,yb,---, Xa, ya)}'^ln,x^,y^,...,xa,ya) (l^O) 



and 



6=1 



^(^)*7« = 

-^^Y—\ / ^"^^'V Y^hJb,Xb,x)fi^\xi,yu . . . ,Xa,ya) X 

a=l 6=1 
{n,x\,yi,...,Xa,ya)'' 

(121) 

f (m)M/7„ = 

OO 1 „ 

+ E -[ y ci-xd'V/^'^n^l,?/!, ■ ■ ■ ,^a,ya)*rn-,.......,..,..)- (122) 

a=l 
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Thus we see explicitly that the various sectors "P^, "P", . . . are invariant under the action 
of the gauge-invariant operators. Now we can proceed to define an inner product. It is 
natural to require that the different sectors are orthogonal e.g. 

<^+,^">=0 (123) 

Then for the + sector we make the ansatz, using the experience from the last section, 
is defined similarly to ^I//^): 

< ^+ ^+ >= 

ym ' J n 

Sn,mJ2 J d''xd')jd''x'd''y' n{xi,yi,...,Xa,ya,x[,y[,...,x'f„yl) x 

a,b 

gt^\xi, yu...,xa, ya)ffKx[,y[, x',, y',). (124) 

Imposing ^^(x) = E{x) using ( |115D we get 

/x(xi, 2/1, ... , Xa, ya, x[,y[, . . . , xl y[) = 

Sa,b /i(a;i, yi,...,Xa,ya,x[,y[,..., x'^, y'^). (125) 

Imposing 7c,/3L),^(x, y) = ^^pL^piy^x), i.e. 

< *L'7a/3^a/3(a;,y)*;„ > = < 7„;3^a/3 (l/, x) ^^+^ , >, 

we find by a tedious calculation using ( |114| ) that the measure /i is fully determined (apart 
from an arbitrary overall normalization factor), e.g. 

/i(xi, 2/1, x\,y[) = 5{xi- x\)5{yi - y[) 

and hence: 

d''xd'\iei^...i^g^^'^*{xi,yi„ . . . ,Xa,yiJ x 

a=l 

fi^\x,,y,,...,xa,ya)) (126) 

where ej^...j^ is the totally antisymmetric symbol. Checking the remaining adjoint relations 
in ( |108|) we find that they are all satisfied by the inner product ( |126| ). Similarly for the 
— sector we get an analogous result: 

Y.^ f d''xd''yei,...i^g^^^*{xi,yi^, . . . ,Xa,yiJ x 

a=l 

fi''\xi,yu...,xa,ya)). (127) 
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3.3 Cyclic representation 

Having, with much labour, calculated all gauge-invariant states in the functional repre- 
sentation it is easy to see that that these states can be constructed in a much simpler, 
algebraic manner. Introduce the operators, 

L+{x, = i(7 - i-f°)^pL^f^{x, y) L_{x, = i(7 + n°)„/3L„^(a;, y) 
K+ix, y) = 1(1- z7^)„^L„^(x, y) K^{x, y) = i(l + ii7i)„^L„^(a;, y). 

Using (pop, we obtain, 

[L_{x,y),L+ 
[K-ix,y),K- 
[K+{x,y),k+ 
[K+{x,y),K- 
[K-{x,y),L^ 
[K-{x,y),L+ 
[K+{x,y),L+ 
[K+{x,y),L^ 

Also, by (|58|) and (|9]), 

[f{n),E{x)] = -ehnf{n) 
[Lix,y),Eiz)] = ~ehe{x,y,z)L{x,y), (129) 

where in the last equation, L can stand for any one of the operators or 
Furthermore, we have the relations, 

T{n)T{m) = T{n + m) 

and 

L{x, y + 2TTrm) = L{x — 27rrm, y) = L{x, y)T{m). 
Now introduce the cyclic states \E'(q) and \E'(q-) with the properties 

< >=< ^(0) >= 1' < %v *ro) >= 0- 

In what follows, restrict x and y to the interval \-TTr, 7rr[, 

= -l6{x-y)^+), K4x,y)^+^ = 
16 







= [L_(x,y),L_(x',y')] 


= 








= 5{y-x')k,{x,y')- 


6{x 


-y')k+{x',y) 


'x' 




= 5{y - x')k-{x,y') - 


6{x 


- y')k-{x',y) 


x' 


.y')] 


= 6{y - x')k+{x,y') - 


6{x 


-y')k+{x',y) 


x! 


.y')] 


= 






x' 




= 5{x' - y)L^{x,y') 






x' 


,y')] 


= -5{x - y')L+{x',y) 






' x! 


.y')] 


= 6{x' - y)L+{x,y') 






x' 




= -5{x - y')L^{x',y). 







Furthermore, 

a 
a 

f (-n) n^-(a;.-,l/i)^(0) = ^(n,:.„,i,...,..,j;.), 

i=i 

and 

f\n) = f{-n), E\x) = E{x). 

Using the algebra, defined in ( |128| ) and ( |129| ), we can easily reproduce all results found 
in the previous subsection, including the inner product. 



4 Dynamics 

Until now, it hasn't really been important what the Hamiltonian looks like. The discussion 
in the previous section about physical states applies to any theory with a Hamiltonian 
having the same symmetries (and the same field content), i.e. being constrained by Gauss' 
law (|87|) . But we're interested in the specific Hamiltonian which is given classically by 
and hence we write 

/■ 1 - d - 

H = J dx {-E'^{x) - z/ilim ^ ^^ 'ja/sLapix, x + e) + m lim7°^La/3(3:, x + e)). (130) 

H contains the two operators 'ja/sLa/siXjX + e) and 7°^I/q,/3(x, x + e). If we let these 
operators act on the state ^^^a^e defined in the previous section we see, by (^), that 
if we are to have a finite limit when e tends to zero, we must demand tr(M7) = 
and tr(M7'^) = 0. These two conditions, together with the previously found conditions 
trM = and = 1, implies that M = ±Z7^ (which is the reason why we've already 
studied these cases). Hence, of all the sectors of physical states available, we rule out all 
except for the + and — sector when considering the specific dynamics governed by the 
Hamiltonian ( |130| ), i.e. physical states are in general a superposition of states from the 
+ and — sector. To solve for the dynamics, we essentially have to find a complete set of 
eigenstates to the Hamiltonian. The momentum operator, which is given classically by 
(|5l),is 

P = -^n^d.lunLUx,x + e). (131) 

Since H and P commute, they can be simultaneously diagonalized. Thus we label states 
by their energy and momentum eigenvalues. Let us try to find the ground state. Denote 
it by Q and write Q = C+f]^ + C^Q^ where and Q~ belongs to the + and — sector 
respectively (C+ and C_ are constants). The ground state satisfies: 

Hfl = E(o)l^ (132) 
Pn = 0, (133) 
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where E(^o) denotes the vacuum energy. Note that there is no way we can "normal order" 
the Hamiltonian prior to solving for Q to get rid of -E(o)- We simply have to live with the 
vacuum energy. After having solved for Q we can effectively discard it. The appearance 
of i?(o) in ( |132|) implies that not only the ground state satisfies ( |132|) and (|133| ), but also 
a whole range of other states. We will see further on how to pick out the correct one(s). 
We make the ansatz 

= (134) 

= (135) 
with support on n = no and where G^^^ = G?'* = 1, i.e. (by (|109|) ) 

K = Ko) + E y d'^xd^G^\x,,y,, . . . ,x.,i/.)v^+„,,.^,^^,„„,^,^^) (136) 

a=l 
oo 1 „ 

^no =^rno) + E-ry ^"^AGL^^(Xl,yi,...,X.,yJ)vI/-^,,^,^_^^^^^^ (137) 
a=l 

Now we're ready to consider (|132|) for and Q^^. We will first do a simple case in 
detail. 

and hence, 

^(^)'^fno,.i,yx) = (e^)'(^o + 2no^(|/i, Xi, x) + ^(yi, Xi, x)2)^'+ ^^^.^ 



I.e. 



1 / dvE'ix)^!^^^,^^^^) = ^(2vrm^ - 2no(yi - Xi) + \/(xi, yi))^tno,^,,y,^ 



where the potential V is given by (using 

y(xi,yi) = I dxd{xi,yi,xf = +P{xi-yi) (138) 

p{xi-yi) = -5:l(l-e^'=(--^^)). (139) 

Furthermore define 

Wn,{xi,yi) = V{xi,yi) -2no{yi-xi). (140) 
Note that V{xi,yi) = \xi — yi\ as long as —nr < Xi,yi < nr. In general we get 

lJd,E^ix)nt,= ^^{2nrnl^t^^^^ + 

^ — / d^-y {2'Krnl + iy„o(xi, yi, . . . , Xa, ya)) x 

(Xi, Xa, ya)^U,^,,y,_^^,y^)} (141) 
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where 

Wno{xi,yi, ...,Xa, Va) = V{xi,yi, ...,Xa, Va) " 2no(?/i - Xi H VVa-Xa) (142) 

and 

1 

V{Xi,yi,...,Xa,ya) = 7^ (yi-SiH \- ya - Xaf + P(^i ~ 

a 

- II - Xj) + p{yi - yj)). (143) 

j>i=l 

Hence, using ( |112|) and ( |1 14|) , we get 

Hn+^ = {{ehfTrrnl - i j dx \\Mhd.^+, + m)G^l\x + e,a;))^J,^) + 
Y. — j d'^xd'^y {^-^{2T:rnl + Wn^{xi,yi, . . . ,Xa,ya)) x 

a=l 

Gf^(a;i,Z/i, • • -^Xa^ya) + 

a ^ 

iJI'^+'^Ha^i'^/i, ■■■,^bjb,-- .,Xa,ya){h— + m)(5(?/b - x^) - 
i / cfc lim(^(9^+, + m)G'+'^^^ (xi, yi, . . . , Xa, i/a, a; + e, x) + 

/a 
cfc lim(^(9^+, + ^^^(xi, 2/1, . . . , Xb, X, X + e, . . . , Xa, ?/a)} X 

6=1 

^rno,.„.„...,..,..)=^(o)^4- (144) 
Thus we can identify, 

-£'(0) = vrr(e/ino)^ — i j dx Ym^Tidx+e + rn)G^l\x + e, x) (145) 



and 



/a 
dx \imihdx+, + "i) G'S'^^^(xi, ?/i, . . . , x;,, x, x + e, ?/?„... , x^, ya) + 

6=1 

z / (k\im{hdx+^ + m)G^^'^^\xi,yi,...,Xa,ya,x + e,x) = 
i / (k\imiJidx+e + m)G'l\x + t,x)G+\xi,yi,. . . ,Xa,ya) - 

a 

■ ■ ■ ^ih,i)h, ■ ■ . ,Xa,ya){kdxt - m)6{xb - yh) + 



1 

.)2 

— M^no(a;i,2/i, • • ■,Xa,ya)G^+\xi,yi, ■ ■ .,Xa,ya)- (146) 
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Continuing on to ( |133| ) and using ( |111| ) we find 



oo -| „ a 
a=l •' 6=1 



Xai Ua) X 



{no,x\,yi,...,Xa,ya) 



I.e. 

a 



+ dy^)G+'{Xi, 2/1, ... , Xa, Va) = 
b=l 

and hence G^i"^ is translationally invariant, i.e. 

G+\xi + d,yi + d,...,Xa + d,ya + d) = G+\xi,yi, . . .,Xa,ya) (147) 



for any displacement d. All in all, ( 145 )-( P!^7D determine the + sector component of 



the ground state. (|T4^) and ( p.46| ) are not really well defined as they stand, because they 



involve the evaluation of a distribution at zero. Hence, we take it as being understood, 
that an ultraviolet cutoff has been performed to regularize these equations. Similarly, the 
corresponding expressions for the — sector are found by letting m ^ —m. Thus, 

i?(o) = 'Kr{ehnQf — i j dx \im{hdx+^ — m)G^l\x + e,x), (148) 

/a 
dx lim{hd^+^ -m)y] CL"^^^ {xi,yi, . . . ,Xb,x,x + e,yb, . . . , Xa, ya)+ 

6=1 

i / cfc lim(^a^+, - m)GL"^^^(xi,?/i, . . . + e,a;) = 

i / dx lim(^a^+, - m)G^l\x + e, a;)G'L"^(xi, yi, . . .,Xa,ya) - 

a 

i G^_^'^\xi,yi, . . . , ^b, . . . , Xa, ya){hd^^ + m)5{xi, - yt) + 

6=1 



{eh) 



2 



Wno{xi,yi, . . . ,Xa,ya)G'L\xi,yi, . . .,Xa,ya) (149) 



and 



G'l\xi + d,yi + d,...,Xa + d,ya + d) = gL"^(xi,?/i, . . .,Xa,ya)- (150) 
Hence we see that fl^^ and are coupled only through the vacuum energy _E(o). 

4.1 Vacuum and VEV's when e = 



Before embarking on a solution attempt to the interacting vacuum equations ( |145|) - (|150|) 



let us study the special case e = 0. Then the potential term drops out from ( |146| ) and 
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( |149| ). Write gj^{xi,yi) = G^^\xi,yi) and g_{xi,yi) = G^}\xi,yi). It is easily seen that 



a solution to all the vacuum equations is given as (independently of rio), 

94xuyi) = -^Ee^'^^^-^^^^^^l^ (151) 
= -^5:e^'=(---)^^^^ (152) 



where Ek = J {hky + m? and 



G+\xi,yi,. . . ,Xa,ya) = g+{xi,yi)g+{x2,y2)- ■ ■ g+{xa,ya) (153) 
G^-\xi,yi,. . . ,Xa,ya) = 9-{xuyi)g-{x2,y2) ■ ■ ■ g-{xa,ya), (154) 



1.6. 



^no = exp(y" cfci4/i5(+(xi,?/i)L+(xi,?/i))^( 
^no = (^Wij dxidyig^{xi,yi)L^{xi,yi))'^l^^y (155) 

The true groundstate when e = should be independent of the electromagnetic degrees 
of freedom, hence consider the states 



no=— oo 

and 

oo 
no=— oo 

This solution really is the ground state in the case e = even though we will postpone 
the proof of this until later. The expression for £"(0) is, for both the + and — sector using 
(insl ) and (M, 

k 

The cutoff is performed by allowing Fourier modes up to |A;| = ^ where is some integer. 
Note the following identities 

Jdxgl{x,y)g4x,y') = -L ^ e^^^^"^') = 5(y - y') (156) 

j dxg*_{x,y)g_{x,y') = 5{y - y') (157) 

and 

gX{xi,yi) = g-{yi,xi). (158) 
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Also, 

J dxi dyi gl{xi,yi)g+{xi,yi) = 2iTr6{0) = 2N + 1 = X, 

where we've introduced A = 2N + 1. We further note that the cutoff delta functions 
work exactly like ordinary delta functions provided they are integrated against functions 
that are similarly cut off. With this knowledge, we proceed to calculate some vacuum 
expectation values. Hence using ( |126|) , (dropping the sum over uq which just factors out), 

°° 1 r 

a=l 

g+{xi,yi) ■ ■■g+{xa,ya) = 

1 + II -r / d^'yei^.-iJiyi, - yi) ■ --Kyi^ - ya) = 

oo 

1 + Ep«W = 2^ (A>0), (159) 



a=l 



where 



Pa(A) = ^n(A-z). (160) 



«i .=0 



In a similar manner 

< >= 2^. 

Hence, by O, 

< >= 2\|C+|2 + (161) 

where Q = (7+^2+ + C^Q^ . Next let us consider the expectation value of the operator 
-fagLaf3{x,y). Using ( [Tli|) we get 

< fi+,7„/3Lc,/3(x,?/)^]+ >= g+{y,x)2^+ 

{9~{y, x) - g+{y, x)) ^ a^^^ = 
a=i 

g+iy,x)2^ + ig4y,x)-g4y,x))2^'' (A > 1). (162) 



Similarly, 



< Q ,Jal3Lal3{x,y)Q > = 

g_{y,x)2^ + {g+{y,x)-g_{y,x))2^-^ (A > 1). (163) 



Hence, 



< n,-f^pL^p{x,y)n >= \C+\\g+{y,x)2^ + {g_{y,x) - g+{y,x))2^ ^) + 

\C^\'ig4y,x)2' + ig+iy,x) - g4y,x))2'-'). (164) 

Something very odd has happened. By ( |108| ) we should have 

ijapLa,i3{x,y)y = -fapLap{y,x) 
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I.e. 



but 



< Q,jo./3L/3{x,y)Q >*= \C+Wg4x,y)2^ + {g+ix,y) - g4x,y))2^-') + 

\C.\^ig+ix, y)2^ + (g^x, y) - g+{x, y))2^-i), (165) 

since g^{x,y) = g-{y,x). Hence for consistency we must demand |C+| = |C_| i.e. C+ 
and C- are equal up to an irrelevant phase. Thus, choosing 

C+ = C_ = 1 

i.e. Q = + Q~ , we find 

< n,-fapLa/3ix,y)n >= ig+iy,x) + g-{y,x))2^, (166) 
and hence, using ( |161| ), 



<n,n> 2 



= ^_ye'Ky--) — . (167) 

We note that the end result is independent of the cutoff A^, as it should be. What has 
happened? In a previous subsection we constructed an inner product that was to have all 
the correct reality properties, yet when we use it here it doesn't have the right properties 
unless |C+| = The only reasonable explanation of this mystery, is that somehow 

the distributional character of (7+ and g^ with its regularization, ruined the (formal) 
derivation. One can also argue that f2+ and VL~ are improper states (not normalizable) 
and we cannot expect the adjoint relations to hold on arbitrary such states. Furthermore, 
we note that something had to go wrong, since otherwise we wouldn't have obtained a 
definite answer for the expectation value. At this stage we can only speculate about what 
happens when e 7^ 0, but the apparent symmetry between the + and — sector seems to 
suggest that this is a general result, i.e. = VL'^^ + VL~^ even when e 7^ 0. Similarly, we 
find 



< ^^'l%Lo,p{x,y)VL > 



<n,n> 2 



1 

{9-{y,x) -g+{y,x)) 



^gifc(y-x)^ (168) 



27rr ^ Ek 



and 



< ^nl(3Laf3{x,y)n > 

< Q,Lc,a{x,y)Q > 



(169) 
0. (170) 
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All these results agree with 

obtained using ordinary free quantization of fermions. This is encouraging. Even though 
we have required gauge invariance in all cases, i.e. even in the case e = 0, we get the 
same result as the one one gets having set e = from the outset and then of course not 
worrying about gauge invariance. Note also that had we calculated the expectation value 
of these operators on the state Qno: we would have obtained the same results as above, as 
long as X and y were in the interval |— Trr, 7rr[. For values of x and y outside this interval 
the expectation value is zero for all L operators. 



4.2 Solution attempt to the vacuum equations 

Let us try to solve (|145|) - (|150|) in the general case. The solution should, in the limit e — 
approach the solution found in the previous section. This is sufficient for the solution to 
be the vacuum (or a vacuum in the case of vacuum degeneracy). By looking at the form 
of the potential Wng in ( |142| ) and ignoring the two non-periodic terms that depends on 
yi — Xi + . . .ya — Xa, we make the ansatz (being for the moment only concerned about 
the + sector), 

Gi'^(Xi,?/i, . . .,Xa,ya) = g+{Xi,yi) ■ ■ ■ g+{Xa,ya)(l)^''\xi,yi, . . • ,Xa,l/a) (172) 

where 

a a 

<P^"'\xi,yi,. . . ,Xa,ya) = (iy^V>{Yl vi.Xi~ Vj) - i.vi.Xi - ^ j) + V^Vi ~ Vj))} ^ (173) 

i,j=l j>i=l 

and we demand ^p{0) = 0, (p{x) = ^p{—x) which implies v''(0) = 0. Furthermore, we let (p 
be a 27rr-periodic function. We have not been able to generalize this ansatz (in any good 
way) to accommodate a functional dependence on ?/i — xi + . . .. We will anyway insert 
it into the vacuum equations, just dropping the non-periodic terms in Wng- This might 
be a valid short distance approximation. We note that the ansatz satisfies ( |147[ ). Let us 
discuss some properties of the function 0*^"^. We have 

4>^''^'^\xi,yi, . . . ,Xa,ya,x,x) = 4>^''\xi,yi, . . . ,Xa,ya) (174) 
0("+^^(xi,?/i, . . . . . . ,Xa,?/a) = (l)^''\xi,yi,...,Xa,ya) (175) 

and 

linia^+,0("+^)(xi,?/i, ...,Xa,ya,x + e,x) = 

a 

<P^''\xi,yi,...,Xa,ya)Y.i^'(^-yi) - - Xi)) (176) 

i=l 

\imd:r:+e4>^''^^\xi,yi, . . . , Xb, X , X + €, yb, ■ ■ .,Xa,ya) = 
e— >0 

a 

0^")(Xi,2/i,...,Xa,|/a)^(V9'(x-?/i) -(p'{x-Xi)). (177) 

i=l 
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Let us next consider ( [146| ). Using the properties of the e = solution we find that ( |146| ) 
becomes 

a a 

J2 n 9+{xj, yj){S{yb - Xb) J^i^'iVi - Vb) - V'{xi - yb)) + 

b=l j^b i=l 



(kg+{xb, x)g+{x, yb) ~ Vi) ~ ^'(^ ~ ^i))} 



1=1 



-Wno{xi,yi, . . .,Xa,ya)9+{xi,yi) ■ ■■g+{xa,ya)- 



(178) 



When a = 1, (|178|) is, (dropping the non-periodic terms in Wng), 

[ehf 



-ihj (k g+{xi,x)g+{x,yi){ip'{x - yi) -i^'{x-xi)) 
and when a = 2 we have, using (|179|) , 



Pixi-yi)g+{xi,yi), (179) 



-ihg+{xi,yi) J (k g+{x2,x)g+{x,y2){ip'{x - yi) - (p'{x - xi))- 

ihg+{xi,yi)6{y2 - X2)i(p'iyi - y2) - '{''{xi - ^2)) + (2:1 ^ 2:2,1/1 ^ ^2) 
-^{p{xi - 7/2) + p{x2 - yi) - p{x2 - xi) - p{y2 - yi)) x 
9+{xuyi)g+{x2,y2)- 



;i80) 



When xi = X2 and yi = y2, ( |180| ) reduces to ( |179| ). Furthermore, when a > 2, (|178|) still 
contain terms of the same type as (|18CI|) . Hence if ( |180|) is satisfied, then (|178|) is satisfied 
for all a. In the case m = 0, an explicit solution to ( |179| ) might be found. By letting 
m — in the expression for g+, we have 



27ir 



Jk{xi-yi) 



sgn(A;)). 



Writing 



y.(xi-yi) = 5:afc(e^^(^-^i)-l). 



where ak = a-k, we find the following solution to (|179D 



^{xi - yi) 



e^Ti ^ sgn(fc) 
k^o 



Jk{xi-yi) _ 



!)• 



1811 



This solution seems to satisfy ( |180| ) as well, even though we haven't really proved this. 
For a general m, ( |1 79| ) takes the form, 

^ (hk' + im) ihk' + im) . 
1^ ^TT^ {k-k)ak^k' 



fc'(fc-fcYO) 



E 



EkEk' 

hk' + im 



yTc"^ hk + im. 



— r 



yk. 



:i82) 
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We haven't found an analytic solution to (|182| ) but it can be solved numerically. It 
remains to extend the ansatz to include also the non-periodic terms in Wno- We might 
get a hint on how to do this modification by calculating the ground state using ordinary 
time-independent perturbation theory. Writing the Hamiltonian a.s H = Hq + Hj where 

" f " 

Ho= (k{-ihhm— — ■ — -7„^La/3(x, x + e) + mlini7LL„^(x, x + e)), 



and 



Hi = ^JdxE\x), 



and regarding Hj as a perturbation, perturbation theory proceeds in the usual manner. 
Note that the groundstate of Hj is infinitely degenerate, each one of the states Qno given 
by (|155|) being as good as any other. However, to be able to do this, we need to know all 
excited states as well when e = 0. We will find these states presently. 

4.3 Excited states 

We expect a one-pair state to have the form afl (at least when e = 0), where 

a= (kdyNai3{x,y)Lai3{x,y), (183) 



and 

Napix, y) = A{x, y)6af3 + B{x, y)-fafi + C{x, ?/)7°^ + D{x, y)ilp. 
We want aVt to be an eigenstate of with energy E' . Hence 

[H,a]VL = EaVL, (184) 
where E = E' — -E(o)- We also want aQ to be an eigenstate of P, with momentum P, i.e. 

[P,a]n = Pan. (185) 

We obtain, 

[H,a] = — — / dx dyV {x,y)Nafs{x,y) La/six, y) + 



2 

eh I dz dxdye{x,y,z)Nap{x,y)Lap{x,y)E{z) - 



and 



ih J dx dy{{d^A{x, y) + dyA{x, y)hai3 + {dxB{x, y) + dyB{x, y))6ap + 
{dyC{x, y) - d-xC{x, y))ilp + {dyD{x, y) - d-^D^x, ?/))7°^}L„^(x, y) + 
2m J dx dy{B{x, y)'jlp + D{x, y)'jaf3)Lap{x, y), (186) 

[P, d] = -ih J dx dy{{dx + dy)Nap{x, y)}Lap{x, y). (187) 
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We realize that if there is any solution to ( |184| ) when e 7^ 0, then it is state dependent. 
However, when e = 0, we can find state independent solutions to (|184|) and ( |185|) . Let us 
investigate this in detail. We find, 

-in{d^ + dy)A = PA -iHd^ + dy)B = PB 

n = PD 

;i88) 



-ih{d^ + dy)C = PC -in{d^ + dy)D = PD 



-ih{d^ + dy)A + 2mD = EB -ih{d^ + dy)B = EA 
-ihldy - dJ}C + 2mB = ED -ih{dy - d^)D = EC. 

If ( |188|) is satisfied, then ( |184| ) and ( |185| ) are satisfied. Solving (|188|) and demanding 
A, B, C and D to be 27rr-periodic functions of both x and y separately leads to, 

A{x, y) = Pei^P^'^-^P^y'^ B{x, y) = Ee^^P^^'+P^y^ 

C{x,y) = (^'-^(P^-P^^ e^nip^^+P^y) D{x,y) = i^^e^^^^^P-y\ 



;i89) 



where 



P = Pi + P2 E = ±Ei±E2 



El = \Jpi + m'^ E2 = \Jp2 + rn? 

and pi = P2 = ^ for arbitrary integers ni and n2. Hence the one-pair states are 
labelled by pi and p2 and we have recovered the two-particle interpretation of these states 
when e = 0. Acting with the so defined d{pi,p2) on the e = ground state we find, 

a{pi,p2)n = i27ir6p,,.p^ —{E + 2Ei){n- - Q+) + 

{E + Ei + E2){E -Ei + E2){E + Ei + E2) ^ 



2E El E2 



00 -| „ a 

Y.- d^xd')jY.ei^P''"'+P'y'''> X 

a=l b=l 



{{E, +E2+ UEiP2 - E2P1)) n 9+{X,.y,)%,^^,^,y^_,^,y^^ + 
lib • / 1 



(^1 + ^2 - -iEiP2 - i52Pi)) n^?-(a^.,%)^rno,.......,..,..)}- (190) 

jj^b 

Thus we see explicitly that d annihilates Q when 

E = —El + E2, E = El — E2, E = —El — E2, 

which proves that we have found the correct ground state when e = 0. Denote the 

corresponding operators by a_+(pi,p2), d+-{Pi,P2) and d (^1,^2)- In the remaining 

case E = El + E2 the corresponding operator is denoted a++(pi,p2) (which creates a pair 
from vacuum). Also, 



it 



-iPuP2) = -a— (-P2, -Pi), a+_(pi,P2) = -d^+i-p2, -Pi] 



Thus, when e = 0, an arbitrary excited state can be constructed by acting with products 
of a++:s on the ground state. We won't go into the complicated discussion of trying to 
solve ( |184|) when e 7^ as it requires an explicit knowledge of the interacting ground state, 
which we don't have. Note however that ( p.85| ) is solved independently of e. 
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5 Discussion 



As we have seen, Dirac quantization works perfectly well for electrodynamics on a cylindri- 
cal space-time. Not finding the explicit ground state is a disappointment since comparing 
calculated expectation values found using our methods with previous results would have 
been interesting. However, we believe that with some more effort, the exact ground state 
in this formalism will be found. The formalism is easily extended to 3 -|- 1-dimensions 
and it should be interesting to investigate what happens in that case. The appearance of 
photons will necessarily complicate the discussion. Another generalization of this model 
is Yang-Mills coupled to fermions. The representation defined in this paper should, with- 
out too much effort, be generalizable to the non-abelian case. Finally, gravity coupled to 
fermions is a theory that should be investigated in this framework. 

Acknowledgements 

We wish to thank Bo-Sture Skagerstam for suggesting the model, and him and Ingcmar 
Bengtsson for discussions and criticism. Furthermore, we thank Bengt Nilsson for support 
and discussions. 

References 

[1] A. Ashtekar, Lectures on non-perturbative canonical gravity, World Scientific (1991) 

[2] J. Schwinger, Gauge invariance and mass. II, Phys. Rev. 128 (1962) 2425-2429 

[3] N. S. Manton, The Schwinger model and its axial anomaly, Annals of Physics 159 
(1985) 220-251 

[4] J.E. Hetrick and Y. Hosotani, QED on a circle, Phys. Rev. D 38 (1988) 2621-2624 

[5] K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics 169, Springer 
Verlag (1982) 

[6] C. Rovelli and L. Smolin, Loop representation for lattice gauge theory, PRINT-90- 
0201 (SYRACUSE) (1990) 

[7] R. Floreanini and R.Jackiw, Functional representation for fermionic quantum fields, 
Phys. Rev. D 37 (1988) 2206-2224 

[8] C. Rovelli and L. Smolin, Loop space representation of quantum general relativity. 
Nuclear Physics B331 (1990) 80-152 

[9] A. Ashtekar and C. Rovelli, A loop representation for the quantum Maxwell field. 
Class, and Quant. Grav. 9 (1992) 1121-1150 



28 



[10] R.S. Tate, An algebraic approach to the quantization of constrained systems: finite 
dimensional examples, Ph. D. thesis, Syracuse University (1992) 



29 



